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ABSTRACT

The multidimensional nature of our environment raises a fundamental question in the
study of learning and decision-making: how do we know which dimensions are relevant for
reward, and which can be ignored? For instance, an action as simple as crossing the street
might benefit from selective attention to the speed of incoming cars, but not the color or
make of each vehicle. This thesis proposes a role for selective attention in restricting rep-
resentations of the environment to relevant dimensions. It further argues that such repre-
sentations should be guided by inferred structure of the environment. Based on data from
a paradigm designed to assess the dynamic interaction between learning and attention, the
thesis introduces a novel sequential sampling mechanism for how such inference could be
realized.

The first chapter discusses selective attention in the context of Partially-Observable
Markov Decision Processes. Viewed through this lens, selective attention provides a map-
ping from perceptual observations to state representations that support behavior.

Chapter 2 provides evidence for the role of selective attention in learning such repre-
sentations. In the ‘Dimensions Task,” human participants must learn from trial and error
which of several features is more predictive of reward. A model-based analysis of choice
data reveals that humans selectively focus on a subset of task features. Age-related differ-
ences in the breadth of attention are shown to modulate the speed with which humans
learn the correct representation.

Next, a method is introduced for directly measuring the dynamics of attention allocation
during multidimensional reinforcement learning. fMRI decoding and eye-tracking are
combined to compute a trial-by-trial index of attention. A model-based analysis reveals a
bidirectional interaction between attention and learning: attention constrains learning; and
learning, in turn guides attention to predictive dimensions.

Finally, Chapter 4 draws from statistical theory to explore a novel mechanism for selec-
tive attention based on particle filtering. The particle filter keeps track of a single hypothesis
about task structure, and updates it in light of incoming evidence. To offset the sparsity
of the representation suggested by gaze data, the particle filter is augmented with working
memory for recent observations. Gaze dynamics are shown to be more consistent with the
particle filter than with gradual trial-and-error learning. This chapter offers a novel account
of the interaction between working memory and selective attention in service of representa-
tion learning, grounded in normative inference.
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Introduction

MILLENNIAL DECISION-MAKING CAN BE COMPLICATED. We have a myriad of apps at
our disposal providing us with ever more goals to strive towards. Our attention is in high
demand by different facets of social media. Our working memory is taxed by constant mul-
titasking. To go about our daily lives, we must somehow discount the distal sense of catas-
trophe surrounding climate change (and the not-so-distal one brought on by a global pan-
demic). Yet, even in these conditions, we strive to make sense of the world and make good
decisions. At the core of this flexibility is the ability to select relevant sources of informa-
tion, and use them for appropriate action selection. The central theme of this dissertation
is the dynamic interaction of selective attention and learning. I share what I have learned in

my attempt to glean an answer to a fundamental question about this interaction: “& - &
- A6D- GalY -A
0.1 DEFINING ATTENTION

Every organism receives input from the world through a limited number of sensors. Hu-

man vision for example is possible because when light hits the retina, specialized photore-



ceptors transform photons into action potentials. From there, information travels along
the visual pathway. By the time neural signals reach the primary visual cortex, they have
been optimized for highly specialized functions, such as edge detection and depth per-
ception (Kuffler, 1953; Blake & Logothetis, 2002). The physical peculiarities of the visual
system determine many aspects of how we see. For instance, we only have three types of
color-sensitive photoreceptors, which limit the color spaces we can perceive. The decreasing
acuity in our peripheral vision means that we need to constantly move our eyes (“foveate”)
in order to increase the quality of our perception and maintain a coherent picture of the
world. So at least partially, evolution has selected visual information for us.

Nevertheless, the 2D projection of the environment is rich with sources of information:
a single visual scene may contain common features such as objects of different colors and
shapes; but also less likely entities, like starfish. My work approaches the problem of how
we sift through this information and learn to focus only on features that are relevant for the
task at hand. I take an implicitly normative stance throughout: selective attention can be
construed as a cognitive action (Dayan, 2012; Frank, 2011). Like any other action, it ought
to serve some adaptive purpose. And that purpose depends on one’s goals.

Attention can be concisely defined as the selective processing of a subset of features at
any stage between sensation and action (Gottlieb, 2012). In my doctoral work, I have pri-
marily studied the selective processing of visual features when choosing between options,
and during explicit reward feedback. But the hope is to develop a more general theory that

can be applied to a broad class of tasks and representational spaces.



0.2 THESIS OVERVIEW

This thesis comprises of a background chapter, three main chapters that together offer
an account of the role of attention during reinforcement learning, and a conclusions chap-
ter.

In Chapter 1, I provide much of the theoretical background useful for understanding
the rest of the thesis. I explicitly frame selective attention in the computational language
that has been used to study goal-directed action. In particular, I propose a role for attention
in carving state representations for reinforcement learning. Drawing on a rich literature on
human category learning, I suggest thatsuch B B DU - & Ui@ﬁdedﬁbﬁr{fe‘?—
ring the structure of the environment.

In Chapter 2, I study how the interaction of reinforcement learning and selective atten-
tion critical in forming task representations changes with age. In particular, I present results
from a multidimensional learning paradigm in which humans must identify which fea-
tures are relevant for accruing reward. I show how age-related differences in representation
learning can be captured using trial-by-trial fitting of computational models to behavioral
choice data. In particular, older adults seem to employ a narrower focus of attention when
learning what to attend to.

The main model used to study age differences in Chapter 2 is not expressive enough to
tully distinguish selective attention from passive forgetting of past experiences. To over-
come this limitation, in Chapter 3 I provide a set of novel empirical methods for studying
the interaction between learning and attention. I use data from two different modalities,

functional magnetic resonance imaging (fMRI) and eye-tracking, to directly measure the



dynamics of attention learning. I develop a method for fitting computational models not
just to choices, but to trial-by-trial attention dynamics. Using this method, I show that at-
tention and learning are engaged in a bidirectional interaction: human reinforcement learn-
ing is constrained by attention, and selective attention dynamics are sensitive to reward.
Finally, I show that separable attention processes constrain human reinforcement learning
during the choice and learning stages of each decision.

In Chapter 4, I present a new computational model of attention learning grounded in
statistical inference theory. This model explicitly instantiates the hypothesis in Chapter 1,
and is inspired by a rich tradition of treating Monte-Carlo methods as psychologically plau-
sible algorithmic solutions to otherwise intractable Bayesian inference problems. I suggest
attention learning can be viewed as particle filtering: humans sequentially entertain one
or few hypotheses about which features of a task are relevant, and revise these hypotheses
in light of feedback. Previous data from animal learning suggest a particle filter with one,
or few particles. To allow the single-particle model to maintain enough evidence to switch
hypotheses efficiently, I augment it with memory for recent observations. I show that this
memory-augmented particle filter is consistent with trial-by-trial attention dynamics mea-
sured in the paradigm described in Chapter 3. This final chapter proposes a novel mech-
anism for attention learning, and highlights the role of memory in enabling inference of
which features in the environment are relevant for reward.

Finally, in Chapter 5 I summarize the conclusions and contributions of the thesis as a

whole, as well as directions for future research.
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Douglas Adams, The Hitchhiker’s Guide to the Galaxy

Selective attention for state representation

ATTENTION is both intuitively easy to grasp and famously elusive to define (James, Burkhardt,
Bowers, & Skrupskelis, 1890). Empirical studies usually conceptualise attention as an (ob-
served) consequence of limited computational resources. For example, in the Posner spatial
cuing task, a cue signals the relevance of a particular spatial location. In response to this
cue, participants may make an internal decision to shift attention, and devote more compu-
tational resources to that location. Attentional shifts can be overt, which involves physically
moving one’s eyes to collect sensory data; or covert, which involves redistributing com-
putational resources between different sources of sensory data. Controlling attention in
this way allows participants to respond faster when a second cue appears at the same loca-
tion (Posner, 1980). Such facilitation is taken as evidence of attention. As in the Posner
Task, across many paradigms, attention is defined in terms of the observed behavioral ef-
fects (e.g. faster responding, focus of eye-gaze). However, few attempts exist to explicitly
model A dttention should be devoted to some features (e.g. location) but not others. For
such an analysis, we turn to reinforcement learning theory.

In the following sections, I lay out a framework for defining attention from the point



of view of a goal-directed agent that is trying to make optimal decisions in a multidimen-
sional world. I introduce Markov Decision Processes (MDDPs), and algorithms for solving
MDPs that have been most widely used to model human and animal learning and decision-
making. Finally, in a section based on a recently published paper (Radulescu, Niv, & Bal-
lard, 2019), I briefly review their limitations, and data suggesting a role for selective atten-
tion in carving state representations in an MDP by inferring relevant structure in the envi-

ronment.

1.1 MARKOV DECISION PROCESSES IN LEARNING AND DECISION-MAKING

An agent’s internal model of the way the world unfolds as a consequence of its actions
can be formalized as a Markov Decision Process (MDP). This framework spans cognitive
science, artificial intelligence and robotics. Algorithmic solutions to MDPs provide a pow-
erful common language for describing how intelligent agents should behave in a variety of
environments. Markov Decision Processes (MDDPs) consist of tuples fS; A; R; T g.

The state space S denotes a set of states of the external world. We can define 5 < 69 hd
subset of environmental features relevant to the agent’s goal. For a rat trying to find food in
the New York subway, the state may consist of its current position on the train tracks; for a
deep neural network playing a game of Pong (Mnih et al,, 2015), the state may consist of an
array of color pixel values.

Given a set of possible actions A, (e.g., turning left and turning right), the transition
function T governs how the state of the world changes when the agent performs an ac-
tion. For example, moving along the tracks would typically lead the rat to a subway sta-

tion. Knowledge of T enables an agent to plan action sequences more efficiently. If the



rat found itself at soth St, and knew that turning left leads to Times Square, while turning
right leads to 59th St, it might generate a simple plan to turn left, and forage for pizza.

A key property of MDPs is that the current state Scontains all the information needed
to determine the probability of ending up in any state at time <+ 1, given the agent’s ac-
tions. This is known as the Markov property. For instance, we can say that Times Square is
a “Markov state” if and only if where the rat has been before Times Square has no bearing
on which stations it will reach in the future if he turns left and walks straight.

Finally, the reward function R takes as input the state of the environment and the cur-
rent action Qand returns 2 a scalar representing the immediate utility of performing that
action in the current state. In human and animal learning paradigms, rewards are typically
construed as primary extrinsic signals, such as juice, shocks, money, or, for our prototypical
subway rat, the abundance of pizza.

For a given MDP, a policy <defines a mapping between states and actions. An agent is
said to be behaving in a normative manner if the state-action mappings it has learned help
it receive the most long-term reward. Finding such policies is difficult because the agent
automatically faces a credit assignment problem: when a behavior is protracted, the agent
needs to determine which actions led to the outcome. For example, the subway rat might
have “turned left”, but also “jumped over the tracks” before it got to the pizza. Which of
these actions was critical, and which was less important for leading the rat into a better state
than it found itself previously?

The quantity in reinforcement learning that summarizes how “good” it is to be in a par-
ticular state is known asthe ] O 21 0 ?, & € B! The value of a state is the sum of future

(discounted) rewards that an agent can expect to collect when following a specific policy



from that state on. Here, “discounted” means that rewards that are farther in the future are
only worth a fraction of immediate ones. We return to New York one last time to illustrate
this concept: given the rat’s goal to reach the pizza, the value of being at soth St is higher
than being at 59th St Columbus Circle.

Until relatively recently (Daw, Niv, & Dayan, 2005), the dominant theory of human
learning had been an algorithm for learning state values known as TD-Learning (Sutton,
1988). Given an MDP with a discrete and finite set of states, TD-Learning updates the
value V ( pof the current state following each outcome, using a temporal-difference learn-
ing rule (Niv, 2009). Seminal work by Schultz and colleagues has sparked a flurry of progress
in mapping the neural substrates of TD-Learning, leading to the influential “reward predic-
tion error theory” of dopamine function (Barto, 1995; Montague, Dayan, & Sejnowski,
1996; Schultz, Dayan, & Montague, 1997): when a neutral stimulus such as a tone is fol-
lowed by an unexpected reward, midbrain dopamine neurons fire; repeating this stimulus-
reward pattern leads to the stimulus becoming “conditioned”; that is, it elicits a dopamine
response, despite not being intrinsically rewarding. In MDP terms, the stimulus (or state)
has now acquired predictive value. The framework elegantly explains why animals learn
to associate arbitrary stimuli with reward, clarifying the neural basis of classical condition-
ing (Pavlov, 1927). This foundational theory has been extended to action selection, most
notably in the form of two algorithms, Q-Learning and Actor-Critic (Daw et al., 2005;
Daw, 2011; Joel, Niv, & Ruppin, 2002; Collins & Frank, 2014). These RL algorithms have
proven powerful descriptors of how humans and animals learn to make good decisions

from trial and error.



1.2 REVISITING STATE

One aspect of human and animal RL theory that might give us pause is that the same
algorithms that explain behavior and neural activity on simple learning tasks learn much
more slowly as the number of states in the environment grows (Bellman, 1957; Sutton,
1988). This is because the multidimensional nature of the environment quickly leads to
a combinatorial explosion: representing all features of the environment (e.g. all possible
shapes, or possible colors, and so on) yields too many possible states, each defined by a spe-
cific feature configuration.

Recall however our previous definition of state: the subset of environmental features
relevant to the agent’s goal. This definition rests on the assumption that some features are
relevant for behavior, while others are not. So an agent can reduce the dimensionality of the
state space by representing only some features and not others. But this gives rise to a second
problem: which features ought to be included in the state?

Imagine for instance that you are learning to take photographs. In the beginning, you
may not be able to distinguish relevant aspects of the task from those that matter less for
taking good photos. But in time, with enough practice and feedback, you will learn to pay
attention to the features that matter. Once you take enough photos, you will learn that the
light source is more important than the brand of your camera. Experience will eventually
lead you to discover that photographing near a window requires difterent settings, depend-
ing on whether you are photographing at midday, or minutes before sunset. All else equal,
the nature of light is an aspect of photography that meaningfully distinguishes between dif-

ferent situations. To borrow an ancient metaphor, light carves nature at its joints (Plato, ca



360BCE): if photographers pay attention to it, they will eventually reach their goal.

In multidimensional settings typical of our every day experience, the dynamics of the
world might thus be better described as a Partially Observable Markov Decision Process
(POMDP) (Kaelbling, Littman, & Cassandra, 1998). In a POMDDP, instead of receiving
the exact state as input, agents have access to noisy observations O. An agent’s ! & Tof the
world can then consist of all or a subset of these computations (Hamrick, 2019):

Representing a mapping between observations and states:

(34) (1.1)

Representing the transition function:

(259 (r.2)

Representing the reward function:

(359 (1.3)

The rest of this thesis seeks to model how humans accomplish the first aspect of model
building, which is to learn a useful mapping between observations and states (Equation
1.1). The process of learning this mappingisknownas ® D DU - & U(BeBgio,Uae UY
Courville, & Vincent, 2013).
Equation 1.1 can be interpreted in two ways: in the early POMDP literature, it encoded

a probability distribution over true states of the environment. The agent then had the addi-
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tional task of inferring what state it is in, given the most recent observations. For example,
a wildlife photographer might try to guess the position of an approaching animal from the
rustling of leaves.

Alternatively, we can interpret Sasa 5 < O<i 27. 2ibtérmal@<n hgent. This view
is convenient, because it does not require us to commit in advance to an exhaustive state
space that may not ever be truly knowable. Instead, we can treat Equation 1.1 as a mapping
between raw observations and state representations that changes with task demands. The
usefulness of this mapping can then be solely determined by reward: if distinguishing be-
tween the absence or presence of a feature changes the outcome, then the agent should in-
clude it in the state representation (McCallum, 1997). Of course, one might still ask, what
is the observation space the agent is mapping from? One conjecture I will make for the
purposes of this thesis is that the observation space is only constrained by the “primitive”
features that an agent’s perceptual system has access to during a given task. For humans,
this space might consists of objects with semantic labels which have certain attributes like
shape, color, etc. I refrain from speculating how such a feature space might itself be learned,
in large part because this endeavor necessarily requires taking a developmental view that is
beyond the scope of this thesis (Sanborn, Chater, & Heller, 2009). Still, given an observa-
tion space invariant to reward over the course of a task”, I suggest that selective attention

can be understood in light of Equation 1.1.

"To illustrate what I mean by this, consider a negative example: we will likely not be able to “condition” a
participant to stop perceiving an object over the course of a short laboratory experiment.
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1.3 EMPIRICAL STUDIES OF HUMAN REPRESENTATION LEARNING

The flexibility with which humans adapt their state representation to different situations
has been studied in multidimensional learning tasks, which I review in detail in Radulescu,
Niv, and Ballard (2019). In such tasks, human participants make responses based on stim-
uli that vary along several dimensions. Observations consist of both the sensory properties
of the stimuli, and the reward outcome that follows each action. Efficient learning depends
on how participants use raw observations to construct an appropriate mapping between
percepts and internal state representations (Equation 1.1). For instance, in Schuck et al.
(2015) participants were instructed to respond manually to the location of a patch of col-
ored squares within a square reference frame. A latent deterministic mapping was induced
between the color of the patch and the correct response. Despite extended practice with the
location-based policy, some participants spontaneously adapted their state representation
to the structure of the task, using color to respond faster. This strategy shift was preceded
by an increase in color information content in the medial prefrontal cortex. Humans can
thus flexibly change strategies from one feature to another in the absence of explicit instruc-
tions.

The kinds of paradigms that have been used to study how humans form state represen-
tations resemble classic tasks in human category learning. In category learning tasks, par-
ticipants are required to sort multidimensional stimuli one at a time into one of several
categories. Category membership usually depends on the presence or absence of one or
more features, as well as on the relationship between features. For example given two cate-

gory labels “dax” and “bim”, a red square would be classified as a “dax” if “all red objects are
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daxes” or as a “bim” if “only red circles are daxes” (Ballard, Miller, Piantadosi, Goodman, &
McClure, 2018). How humans infer category structure has successfully been modeled with
Bayesian models of categorization (Sanborn, Griffiths, & Navarro, 2010; Anderson, 1991;
Mansinghka et al., 2016; Goodman, Tenenbaum, Feldman, & Griffiths, 2008).

Tasks probing state representation learning may differ in framing (e.g. decision-making
vs. categorization), the size of the observation space (i.e. how many dimensions stimuli can
vary on), the nature of the feedback (scalar reward vs. a category label; stochastic vs. deter-
ministic) and the instructions the participant receives about the structure. But they also are
alike in that each trial consists of a perceptual observation, an action and a reward outcome.
And they share the key property that the participant needs to disambiguate observations
by learning and representing an appropriate mapping between perceptual observations and
states. How fast participants learn depends on learning to carve the perceptual observation
space into a compact state representation appropriate for the task.

In this dissertation, I propose that representations of task structure learned through
Bayesian inference are the source of selective attention during learning (Figure 1.1). In
POMDP terms, selective attention is a useful mapping function from observation to states
(Equation 1.1). This mapping changes from task to task, as the agent infers new mod-
els for how rewards are generated, allowing her to make useful distinctions in perceptual
space, and biasing attention towards features that are causally related to predictable fluc-
tuations in reward (Mackintosh, 1975; McCallum, 1997). To mitigate the computational
intractability of Bayesian inference, I further propose that changes in attention correspond
to an approximate sequential sampling mechanism known as a particle filter (Doucet &

Johansen, 2009; Sanborn & Chater, 2016; Speekenbrink, 2016). I show how this type of

13



sequential sampling mechanism can be realized in a multidimensional environment with a
simple underlying structure, in which one of three dimensions is relevant, and within that

dimension, one of three features predicts reward.
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